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While much is known about the entanglement characteristics of ground states, the properties
of reduced thermal density matrices have received significantly less attention. Here we investigate
the entanglement content of reduced thermal density matrices for momentum-space bipartitioning
in Luttinger liquids using analytical and numerical methods. The low lying part of its spectrum
contains an “entanglement gap”, which persists up to temperatures comparable to the level spacing.
With increasing temperature, the low energy modes acquire dispersion and resemble to those in the
physical Hamiltonian with an enhanced effective temperature. The momentum-space entanglement
is carried by high energy modes (compared to temperature), featuring a completely flat spectrum.
The von-Neumann entropy increases with temperature with a universal Sommerfeld coefficient. The
momentum-space entanglement Hamiltonian turns out to be as universal as the physical Hamilto-
nian.
PACS numbers: 71.10.Pm,03.67.Mn
Introduction. Entanglement plays a major role in
many distinct fields of physics. It is an essential tool
to characterize exotic phases of quantum matter, un-
veil topological and non-topological phases, describe the
thermodynamics of black holes[1], detect phase transi-
tions without reference to any particular order parame-
ter, classify various protocols in quantum communication
and computation[2], design efficient numerical algorithms
to attack strongly interacting systems etc.
Ground states of correlated systems described by lo-
cal Hamiltonians are usually only slightly entangled.
This is inferred from the area law scaling of their en-
tanglement entropy from spatial bipartitioning [3, 4].
By using momentum-space partitioning as opposed to
real space partitioning[5–12], ample entanglement scaling
with the volume has been reported already for the ground
states[13–15]. Momentum-space partitioning in many
cases is the most natural choice as interaction effects
manifest themselves more pronouncedly there. For exam-
ple, non-interacting fermions carry spatial entanglement,
while their momentum-space wavefunction is a product
state, i.e., a Slater determinant with no momentum-space
entanglement. Non-zero entanglement only appears once
interactions are switched on.
Another essential difference between real and
momentum-space partitioning is that real space Hamil-
tonians a` la Hubbard model usually contain local terms
and are naturally homogeneous due to translational in-
variance. Their momentum-space versions are non-local
and inherently inhomogeneous due to the separation of
energy scales already at the non-interacting level.
Most entanglement studies have focused on T = 0
ground states. In reality, however, no quantum system
is isolated perfectly from its environment[16–18] and ex-
periments are inevitably conducted at finite temperature,
therefore understanding thermal effects on entanglement
measures are vital. In a mixed state, correlation char-
acteristics are influenced by both thermal fluctuations
[19] and entanglement (i.e. quantum non-local correla-
tions) effects and distilling the latter from the former is
an important issue. Addressing this is also relevant for
quantum computation for controlling errors caused by to
thermal excitations.
Thus motivated, we have studied momentum-space en-
tanglement in interacting 1D systems with low energy
excitation at thermal equilibrium, namely thermal Lut-
tinger liquids (LLs). While the spatial entanglement in
1D systems is well studied[20, 21], much less attention has
been given to the entanglement in momentum-space par-
titionings. We pose and answer several important ques-
tions: How do entanglement and thermal effects mix up
in momentum-space partitionings of LLs? What are the
properties of the entanglement Hamiltonian[22] at finite
temperature? What happens to the entanglement gap
[5]? How universal is the finite temperature entanglement
spectrum? Do we reach the thermodynamic entropy with
increasing temperature? Thanks to the 1D setting, an-
alytical results can be obtained using bosonization and
are backed up by numerics using exact diagonalization.
We find that the entanglement Hamiltonian of the right
moving excitations is as universal as the full physical
Hamiltonian, in spite of the non-trivial mixing of high
and low energy modes. It accounts successfully for the
low energy excitation as evidenced by focusing on the
entanglement gap and the von-Neumann entropy. This
is in contract to fragility of topological entanglement at
finite temperature[23].
2Luttinger and interacting tight binding model The low
energy dynamics of LLs is given in terms of bosonic
sound-like collective excitations with the Hamiltonian
as[24]
H =
∑
q 6=0
v|q|b+q bq +
g(q)
2
[bq b−q + b
+
q b
+
−q], (1)
where bq is the annihilation operator of a bosonic den-
sity wave, g(q) = g2|q|, with g2 the interaction strength,
and v the sound velocity of the non-interacting system.
Instead of g2, the interaction is characterized by the di-
mensionless Luttinger parameter, K, which is given for
Eq. (1) by K =
√
(v − g2)/(v + g2). Eq. (1) is diag-
onalized by a Bogoliubov rotation, and the dispersion
relation is ωq = vf |q| with the renormalized velocity
vf =
√
v2 − g22 . The transformation gives the new boson
operators as Bq = uqbq + vqb
+
−q with Bogoliubov coeffi-
cients uq =
K+1
2
√
K
and vq =
K−1
2
√
K
, which are q independent
for the present case.
Probably the best known lattice model, whose low
energy dynamics is given by Eq. (1), is a tight bind-
ing chain of one-dimensional spinless fermions with
nearest-neighbour interactions[24, 25], which maps onto
the 1D XXZ Heisenberg model by a Jordan-Wigner
transformation[24]. In momentum-space, the Hamilto-
nian is
H = J
∑
k
cos(k)c†kck +
Jz
N
∑
k,p,q
cos(q)c†p−qcpc
†
k+qck, (2)
where c’s are fermionic annihilation operators in
momentum-space, N the number of lattice sites and
k = 2pim/N for periodic boundary conditions, m =
1 . . .N . Its low energy physics is accounted for by
Eq. (1) with vf = pi
√
1− (Jz/J)2/2 arccos(Jz/J) and
K = pi/2[pi−arccos(Jz/J)], covering a wide range of K’s.
Reduced density matrix. At a given temperature T ,
the system is in a mixed state and its properties are
described by the thermal density matrix as ρ(T ) =
exp (−βH) , where β = 1/T . Instead of calculating the
entanglement properties by partitioning our system in
real space, we use the natural partitioning of Eq. (1)
in terms of right (q > 0) and left (q < 0) moving
excitations and trace out all the left-movers. This is
achieved by realizing that the bosonic operators for each
(q,−q) pair are the generators[26] of the SU(1,1) Lie alge-
bra [27] as K0(q) = (b
+
q bq + b−qb
+
−q)/2, K+(q) = b
+
q b
+
−q,
K−(q) = bqb−q. Then, the density matrix is rewritten
following Ref. [28] as
ρ(T ) =
∏
q>0
exp[A−(q)K−(q)] exp[2A0(q)K0(q)]×
× exp[A+(q)K+(q)], (3)
and the A±,0(q) coefficients can be determined using Ref.
[28], but will not be needed for our purposes.
Since the contribution of distinct (q,−q) pairs factor-
izes, it suffices to focus on one of them. By expand-
ing the first and third exponentials in Taylor series, the
partial trace over the left-movers can be performed to
yield
∑∞
n=0 a(n, q)(bq)
n exp[A0(q)b
+
q bq](b
+
q )
n for a given
momentum pair. This preserves the number of bosons
with momentum q as it commutes with the occupation
number b+q bq. Therefore, it is diagonal in occupation
number basis and all of its (diagonal) matrix elements
can be calculated, while the non-diagonal ones vanish.
As a result, we find that the reduced thermal density
matrix for the right-movers is
ρA = exp(−HE)/ZE , HE =
∑
q>0
εqb
+
q bq, (4)
where HE is the entanglement Hamiltonian, the single
particle entanglement spectrum, εq can be determined
from A±,0 in Eq. (3) and ZE =
∏
q>0(1− exp(−εq))
−1.
The entanglement spectrum is also determined by re-
alizing that the reduced density matrix, ρA accounts for
expectation values of right-movers at all temperatures
equally well as the full ρ(T ). Since both are quadratic
in the boson operators, it suffices to calculate only the
〈b+q bq〉 thermal expectation value from both density ma-
trices, which defines immediately εq. Using this train of
thoughts, we get
εq = ln
(
|uq|
2 exp(βωq) + |vq|
2
|vq|2 exp(βωq) + |uq|2
)
. (5)
The very same result is obtained by determining εq from
a direct calculation from Eq. (3). It has two important
limits: at T = 0, it gives a completely flat, dispersionless
spectrum and reduces to the universal result obtained in
Ref. [14] as εq = log((K + 1)
2/(K − 1)2). In the high
temperature, ωq ≪ T limit, expanding the exponential
yields a dispersive spectrum as εq = βωq/(|uq|
2+|vq|
2) =
βωq2K/(K
2 + 1). It resembles to the spectrum of the
physical Hamiltonian from Eq. (1) at an effective temper-
ature Teff = T (K
2 + 1)/2K, which is always enhanced
with respect to T . The renormalization factor agrees
with the anomalous exponent of Green’s function of right
movers[24].
The εq’s are the single particle eigenvalues of the en-
tanglement Hamiltonian at temperature T . Due to the
bosonic nature of excitations in Eq. (4), the many-body
eigenvalues are built as
∑
q>0 nqεq, where the nq’s are in-
tegers. This would also allow to calculate the distribution
function[26] of momentum-space entanglement eigenval-
ues, similarly to Ref. [20], what we leave for future work.
Entanglement gap. It is well established[24, 25] that
the universal low energy dynamics of Eq. (2) is de-
scribed by the Luttinger model in Eq. (1). We ex-
tend this universality to the entanglement Hamiltonian
by focusing on its low energy excitations, in particular
on the entanglement gap (EG). The EG is the differ-
ence between the ground state entanglement level and its
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FIG. 1. (Color online) Entanglement gap at finite temper-
ature for Eq. (2) using ED (circles) and for the Luttinger
model (light blue shaded areas) from Eq. (6) without any
fitting parameter. The dimensionless temperature on the lat-
tice, TN/J is identified with TL/v in bosonization.
first excited state. While at zero temperature, it carries
unique information about the entanglement properties of
the system[22], at finite temperature entanglement and
thermal effect get mixed and the entanglement gap reflect
their mutual influence on the eigenvalues of the entangle-
ment Hamiltonian. Keeping this mixing in mind, we still
keep on referring to it as EG. The EG is thus corresponds
to the the minimal single particle energy as
∆EG = min
q
εq = ε2pi/L =
= ln
[
(K2 + 1) coth(βvfpi/L) + 2K
(K2 + 1) coth(βvfpi/L)− 2K
]
(6)
with L the system size. This relation follows from the
fact that in a finite size bosonized system, the excitation
spectrum is sound-like and the minimal excitation energy
occurs at momentum 2pi/L. Above this gap, a continuum
of many body entanglement levels occurs. At T = 0, it
gives a finite EG, which vanishes with increasing temper-
ature as ∼ 2pivf/LTeff .
The EG in LL from Eq. (6) is compared to that ob-
tained numerically for the interacting spinless tight bind-
ing chain using exact diagonalization (ED). We consider
half-filled systems with periodic boundary conditions and
N = 6, 10, 14, and 18 sites with non-degenerate, unique
ground states. Finite size scaling is performed to reach
the thermodynamic limit (TDL). [29] The comparison
between LL and numerics is shown in Fig. 1 with con-
vincing agreement. For no interaction (K = 1), the EG
grows linearly with inverse temperature down to T = 0,
while in the presence of interaction, it saturates to its
finite, T = 0 value[14] for T < J/N .
Now we comment on the universality of the
momentum-space entanglement spectrum[5, 22, 30]. At
T = 0, the momentum-space entanglement Hamiltonian
features a finite EG throughout the LL phase[13–15, 31],
which is independent of the system size. This is in con-
trast to the spectrum of Eq. (1), which becomes gap-
less in the TDL. Increasing the temperature enhances
the similarity between the two spectra as the low energy
modes, ωq ≪ T of the entanglement Hamiltonian become
dispersive and gapless again, and behave similarly to the
spectrum of the physical Hamiltonian. The entanglement
spectrum of high energy modes differs significantly from
those in the original model and remains flat, similarly to
the T = 0 entanglement spectrum.
von-Neumann entropy and mutual information. In
general, by dividing our system into a subsystem A and
the rest B, the amount of entanglement between A and
B at zero temperature is excellently characterized by the
von Neumann or Re´nyi entropies of the reduced den-
sity matrix of A. However, at finite temperature, ther-
mal effects contribute and influence the entanglement
entropy[32]. Then, it is more useful the calculate the
mutual information[33, 34], defined as
I(A,B) = SA + SB − SA∪B, (7)
where S = −Trρ ln(ρ) is calculated from the respec-
tive finite temperature (reduced) density matrices. This
measures entanglement at finite temperature by reducing
thermal effects.
We start by recalling their behaviour in the case of
spatial bipartitioning for 1D critical systems. The von-
Neumann entropy satisfies an area law and depends on
the logarithm of the size of the subregion at T = 0,
and crosses over to the conventional thermodynamic
entropy[32] with increasing temperature with a volume
law. On the other hand, the log-scaling of mutual infor-
mation in the size of the subregion, inherited from the
von-Neumann entropy, turns into a logarithmic depen-
dence on the inverse temperature[34] as the temperature
is enhanced.
In our case, A (B) consists of right- (left-) moving par-
ticles, while A ∪ B is the full system, and SA = SB.
Within the framework of bosonization, both the reduced,
ρA and full, ρ(T ) density matrices are quadratic in terms
of bosons, and their entropy follows from
SC =
∑
q∈C
Ωq
exp(Ωq)− 1
− ln (1− exp(−Ωq)) , (8)
where for the right moving partition (C = A), Ωq = εq,
while for the whole system (C = A∪B), Ωq = βωq. The
momentum sum in Eq. (8) indicates that a volume law
holds for the momentum-space entropy for all tempera-
tures.
For the full system, it is well-known[24, 25] that the
thermodynamic entropy in a LL behaves as S(T ) =
piLT/3vf . The coefficient of the term linear in T is the
Sommerfeld coefficient of the specific heat, γ = 1L
∂S
∂T ,
which even in the presence of interaction depends only
4on the velocity and is independent from the LL param-
eter K, namely γLL = pi/3vF . For the reduced density
matrix of the right movers, however, we get
SA = S0 +
LTγLL
2
+
LT
2pivf
[
ln
(
U
V
)
ln
(
U + V
UV
)
+
+(1− 3U) Li2
(
−
1
V
)
− Li2
(
1
U
)
+
+ ULi2
(
−
U + V
V 2
)
−
1
2
Li2
(
V 2
U2
)]
(9)
where U = (K + 1)2/4K, V = (K − 1)2/4K, Li2(x) is
Spence’s dilogarithm function. It contains three different
terms: S0 is the entanglement entropy at T = 0, which
is non-universal and satisfies a volume law. It is calcu-
lated from Eq. (8) with Ωq = ln((K + 1)
2/(K − 1)2),
and has already been analyzed[13–15, 31]. The second
term is the entropy of a chiral LL, that is half of a con-
ventional LL. The third term is another contribution to
the Sommerfeld coefficient, which, in sharp contrast to
the thermal entropy, depends also on the LL parameter.
This coefficient is universal and is determined solely by
the low energy degrees of freedom of the theory.
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FIG. 2. (Color online) The Sommerfeld coefficients of the
thermodynamic (red) and right-moving entanglement (blue)
entropies for the interacting spinless fermion model (symbols)
and for the Luttinger model (solid curves) with no fitting
parameter. The inset visualizes the linear in T coefficient of
the mutual information.
The Sommerfeld coefficient of the thermodynamic en-
tropy of the interacting spinless or XXZ Heisenberg
model is known to follow γLL at low temperatures, T <
J , though the numerical data for T < J/N is dominated
by finite size effects. Within this temperature window,
we evaluate S/T numerically and associate the Sommer-
feld coefficient to its maximum. Compared to γLL, the
agreement is convincing as shown in Fig. 2. Next, we use
the same method to extract the Sommerfeld coefficient
from SA, and compare it with Eq. (9). The agreement is
again remarkable [35]. The temperature dependent term
appears for T > J/N , but SA does not approach ther-
modynamic entropy for T < J .
The mutual information starts from 2S0 at T = 0 since
the thermodynamic entropy vanishes identically in this
limit. With increasing temperature, it decreases linearly
with the temperature with a universal coefficient, shown
in Fig. 2. It only approaches zero for T ≫ J , which
falls outside of the realm of the low energy description.
Extracting the linear in T coefficient of the mutual infor-
mation from ED is difficult due to finite size effects and
reaching bigger systems would be beneficial[36]. Never-
theless, the Luttinger model prediction is expected to be
completely reliable, and demonstrates the importance of
analytical methods in addressing entanglement in TDL.
For repulsive interactions, the mutual information ac-
quires a very weak temperature dependence, as seen in
the inset of Fig. 2, and retains most of the entanglement
of the T = 0 ground state. Attractive interaction reduce
entanglement more efficiently and temperature effects are
more pronounced.
The momentum-space mutual information satisfies a
volume law as opposed to its real space version[33]. This
is rooted back to the difference between non-local and
local Hamiltonians in momentum and real space, respec-
tively.
Discussion. The entanglement between right- and
left-moving excitations in a thermal Luttinger liquid is in-
vestigated. The momentum-space entanglement Hamil-
tonian, determined analytically, is as universal as its
full partner and accounts successfully for the low en-
ergy excitations. The lowest levels feature an entan-
glement gap, which collapses with increasing tempera-
ture. The momentum-space entanglement is carried by
high energy modes (compared to temperature), featur-
ing a completely flat entanglement spectrum. The low
energy modes resemble those in the full Hamiltonian and
disperse linearly with momentum at enhanced effective
temperature. The von-Neumann entropy increases with
temperature with a universal Sommerfeld coefficient and
does not approach the thermodynamic entropy within the
realm of the low energy theory, it only does so when the
temperature becomes at least comparable to the band-
width.
Hamiltonians and correlations functions are naturally
connected in real and momentum space by Fourier trans-
formation. Whether such connection between entangle-
ment entropies from real and momentum-space partition-
ing exists at all is a future project and intriguing open
question related to this research. Besides being an in-
teresting theoretical problem, numerical ramifications in-
cluding the momentum-space DMRG algorithms[37, 38]
are also of high importance as well as it can provides av-
enues for clever design of entangled states for quantum
computation. Our current steps are crucial for revealing
the structure in momentum-space entanglement.
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